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ABSTRACT
Context. Composite supernova remnants consist of a pulsar wind nebula located inside a shell-type remnant. The presence of a shell
has implications on the evolution of the nebula, although the converse is generally not true.
Aims. The purpose of this paper is two-fold. The first aim is to determine the effect of the pulsar’s initial luminosity and spin-down rate,
the supernova ejecta mass, and density of the interstellar medium on the evolution of a spherically-symmetric, composite supernova
remnant expanding into a homogeneous medium. The second aim is to investigate the evolution of the magnetic field in the pulsar
wind nebula when the the composite remnant expands into a non-uniform interstellar medium.
Methods. The Euler conservation equations for inviscid flow, together with the magnetohydrodynamic induction law in the kinematic
limit, are solved numerically for a number of scenarios where the ratio of magnetic to particle energy is σ < 0.01. The simulations in
the first part of the paper is solved in a one-dimensional configuration. In the second part of the paper, the effect of an inhomogeneous
medium on the evolution is studied using a two-dimensional, axis-symmetric configuration.
Results. It is found that the initial spin-down luminosity and density of the interstellar medium has the largest influence on the
evolution of the pulsar wind nebula. The spin-down time-scale of the pulsar only becomes important when this value is smaller than
the time needed for the reverse shock of the shell remnant to reach the outer boundary of the nebula. For a remnant evolving in a
non-uniform medium, the magnetic field along the boundary of the nebula will evolve to a value that is larger than the magnetic field
in the interior. If the inhomogeneity of the interstellar medium is enhanced, while the spin-down luminosity is decreased, it is further
found that a magnetic ”cloud” is formed in a region that is spatially separated from the position of the pulsar.
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1. Introduction
It is well-known that a supernova explosion causes a shock
wave that travels through the interstellar medium (ISM), cre-
ating a shell-like supernova remnant (SNR) that can be visible
from radio to TeV energies (e.g. Woltjer 1972; Aharonian et al.
2006). This shock wave is not a single entity, but consists of
three distinct parts: a forward shock that propagates into the
ISM, a reverse shock, and a contact discontinuity separating the
two shocks (e.g. Truelove & McKee 1999). Initially the reverse
shock expands outwards along with the forward shock, but will
eventually start to propagate into the interior of the SNR when
a sufficient amount of ambient matter has been swept-up by the
forward shock (McKee 1974).
The rate at which the SNR expands depends on a number
of factors, including the mass of the stellar material ejected
during the supernova explosion, Mej, the amount of kinetic
energy transferred to the ejecta, typically of the order Eej ∼
1051 erg, and the density of the interstellar medium ρism
(e.g Dwarkadas & Chevalier 1998; Truelove & McKee 1999;
Tang & Wang 2005; Ferreira & De Jager 2008). Additionally,
the adiabatic index, γ, can also influence the evolution of a SNR
due to the non-linear interaction of accelerated cosmic rays on
SNR shocks (e.g Decourchelle et al. 2000; Ellison et al. 2004).
For a comprehensive discussion of the evolution of SNRs, the
Send offprint requests to: M.J. Vorster
papers of e.g. Sedov (1959); Woltjer (1972); Chevalier (1977),
and (McKee & Truelove 1995) can be consulted.
A possible by-product of a core-collapse supernova (e.g.
Woosley & Janka 2005) is a pulsar, which in turn can lead to
the presence of a second type of supernova remnant, commonly
referred to as a pulsar wind nebula (PWN). As the name sug-
gests, the nebula is formed by a wind that originates from
the pulsar and flows into the surrounding medium. It is be-
lieved that this wind consists of relativistic leptons (electrons and
positrons), and possibly a hadronic component (e.g. Horns et al.
2006), with the pulsar’s magnetic field frozen into the plasma.
When the ram pressure of the wind is equal to the particle and
magnetic pressure of the surrounding medium (created in ear-
lier epochs of the pulsar wind), a termination shock will form
(Rees & Gunn 1974) where the particles are accelerated (e.g.
Kennel & Coroniti 1984). Downstream of the termination shock
the accelerated leptons interact with the frozen-in magnetic field
to produce synchrotron radiation ranging from radio to X-ray
energies. Additionally, the leptons can also inverse Compton
scatter ambient photons to GeV and TeV gamma-ray energies.
The source of the ambient photons is typically the Cosmic
Microwave Background Radiation, although infra-red radiation
from dust, starlight, and even the synchrotron photons can also
contribute. The synchrotron and inverse Compton emission cre-
ate a luminous nebula around the pulsar, with the pulsar continu-
ously supplying energy to the PWN. For a review of PWNe, the
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papers of Gaensler & Slane (2006), Kargaltsev & Pavlov (2008)
and De Jager & Djannati-Ataı¨ (2009) can be consulted.
An interesting subclass of SNRs are the systems consist-
ing of a pulsar wind nebula located within a shell component.
Although the dynamics of the shell remnant is not influenced by
the evolution of the PWN, the presence of a shell remnant can
have a notable influence on the evolution of the PWN. This one-
sided interaction can be ascribed to the difference in energy con-
tent of the two components, with the shell remnant having a sig-
nificantly larger amount of energy (e.g. Reynolds & Chevalier
1984). Simulations show that the evolution of a PWN can be di-
vided into a number of stages (e.g. Reynolds & Chevalier 1984;
Van der Swaluw et al. 2004). In the initial stage the PWN ex-
pands supersonically into the SNR ejecta until the reverse shock
reaches the boundary of the PWN. In the following stage the
reverse shock compresses the PWN, with the interaction lead-
ing to the formation of a reflection wave that travels trough the
PWN. Calculations predict that the second stage should start at ∼
103−104 yr after the initial explosion (e.g. Reynolds & Chevalier
1984; Van der Swaluw et al. 2004). The final stage is charac-
terised by the subsonic expansion of the PWN into the ejecta
heated by the reverse shock.
Pulsars are often born with large kick-velocities, possibly re-
sulting from an asymmetric supernova explosion. The PWN is
initially created at the centre of the SNR, but will be dragged
along by the pulsar as it moves through the interior of the SNR
(Van der Swaluw et al. 2004). This reduces the distance between
the shell and the PWN in the direction that the pulsar moves,
thereby decreasing the time needed for the reverse shock to reach
the forward boundary of the PWN. For the opposite boundary,
the reverse shock interaction time is correspondingly increased.
The different reverse shock interaction times leads the forma-
tion of a cigar-shaped nebula with the pulsar located at the edge
(Van der Swaluw et al. 2004). The PWN continues to expand,
while a bow-shock eventually forms at the nebula’s edge closest
to the pulsar when approximately two-thirds of the SNR radius
has been traversed (Van der Swaluw et al. 2003).
Additionally, pulsars with a sufficiently large proper motion
can break through the SNR shell and escape into the ISM, with
the escape time for a 1000 km s−1 pulsar estimated to be around
∼ 40000 yr (Van der Swaluw et al. 2003). A study of the veloc-
ity distribution of radio pulsars found characteristics at 90 km
s−1 and 500 km s−1 (Arzoumanian et al. 2002). It was further es-
timated that 15% of the pulsars have velocities greater than 1000
km s−1, and that only 10% of pulsars younger than 20000 yr will
be found outside the SNR (Arzoumanian et al. 2002).
Although the asymmetry observed in the morphology of
PWNe can often be attributed to the large kick-velocities (e.g.
Gaensler & Slane 2006), interaction of the forward shock with
a non-homogeneous ISM can lead to a similar morphology
(Blondin et al. 2001). It has been argued that the elongated mor-
phology of (e.g.) Vela X and G09+0.1 is a result of the men-
tioned interaction, rather than a large proper motion of the pulsar
(Blondin et al. 2001).
In a previous paper, Ferreira & De Jager (2008) calculated
how the parameters Mej, Eej, ρism, and γ influence the evolution
of a SNR, with a part of their study focusing on the evolution
of the shell in a non-uniform ISM. In this work we extend their
study by presenting hydrodynamic simulations of the evolution
of a composite remnant containing a PWN for which the ratio
of electromagnetic to particle energy is σ < 0.01. One aim of
the paper is to investigate how the pulsar’s initial luminosity and
spin-down time-scale, the mass of the supernova ejecta, and the
density of the ISM influence the evolution of the PWN. This pa-
rameter study is done for a spherically-symmetric remnant ex-
panding into a homogeneous ISM. The second aim of this paper
is to illustrate the evolution of an axis-symmetric PWN in a non-
homogeneous ISM, with an emphasis on the evolution of the
magnetic field.
The outline of the paper is as follows: Section 2 introduces
the model that is used, with the spherically-symmetric, homoge-
neous ISM, results presented in Sections 3. Section 4 motivates
the use of the kinetic approach by illustrating that a more cor-
rect treatment of the magnetic field leads to similar results if
σ < 0.01. The axis-symmetric, inhomogeneous ISM results are
presented in the Section 5, while the final section of the paper
deals with the summary and conclusions.
2. Model and parameters
SNR evolution in uniform and non-uniform media have
been modelled extensively by e.g. Tenorio-Tagle et al. (1991);
Borkowski et al. (1997); Jun & Jones (1999), while simula-
tions focusing on selected aspects regarding the evolution
of PWNe and composite remnants have been presented
by e.g.Van der Swaluw et al. (2001); Blondin et al. (2001);
Bucciantini (2002); Bucciantini et al. (2003); Van der Swaluw
(2003b); Del Zanna et al. (2004); Bucciantini et al. (2005);
Chevalier (2005). Similar to many of these studies, the present
model is based on the well-known Euler equations for invis-
cid flow describing respectively the balance of mass, momentum
and energy
∂
∂t
ρ + ∇ · (ρv) = 0,
∂
∂t
(ρv) + ∇ · (ρvv + PI) = 0,
∂
∂t
(ρ2v
2 +
P
γ − 1 ) + ∇ · (
ρ
2 v
2v +
γvP
γ − 1 ) = 0.
(1)
Here ρ is the density, v the velocity, and P the pressure of the
fluid. The evolution of the magnetic field, B, is calculated by
solving the induction equation
∂B
∂t
− ∇ × (v × B) = 0, (2)
in the kinematic limit (Scherer & Ferreira 2005;
Ferreira & Scherer 2006). In this approach, a one-sided in-
teraction between the fluid and B is assumed, with the effect
of B on the evolution of the flow neglected. This approach is
sufficient when the ratio of magnetic to particle energy is small,
and will be further motivated in a later section.
The Euler equations, (1), are solved numerically using a hy-
perbolic scheme based on a wave propagation approach, as dis-
cussed in detail in LeVeque (2002) (see also Ferreira & De Jager
(2008) for additional details), while the scheme presented by
Trac & Pen (2003) is used for the induction equation, (2). The
model is solved in a spherical coordinate system with 0.01 pc ≤
r ≤ 25 pc and 0o ≤ θ ≤ 180o. For PWNe evolving in a ho-
mogeneous medium (Section 3), the complexity of the problem
reduces to a one-dimensional, spherically-symmetric scenario,
and the corresponding results are discussed in this context. For
the simulations a 2400 × 25 grid is used for the homogeneous
ISM, while the number of θ grid points is increased from 25 to
85 for the inhomogeneous ISM scenarios.
In solving the equations, any relativistic effects are ne-
glected, whereas a more realistic model should take into account
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that velocity of the particles between the pulsar and the PWN
termination shock is highly relativistic. However, since the post-
shock flow must be subsonic, i.e. v must be less than the sound
speed in a relativistic plasma (∼ c/√3), smoothly decreasing
towards the edge of the PWN, one expects that the fluid veloc-
ity in the PWN should decrease from mildly relativistic to non-
relativistic.
A second possible limitation arises from considering a one
fluid scenario in which only a single value for the adiabatic in-
dex, γ, is specified. A more correct model would treat the stel-
lar ejecta and PWN as two separate fluids, with γej = 5/3 for
the ejecta and γpwn = 4/3 for the PWN. Van der Swaluw et al.
(2001) showed that this limitation can be compensated for in the
one fluid model by setting γ = 5/3, while choosing the value for
the mass deposition rate at the inner boundary of the computa-
tional domain, ˙Mpwn, as√
L(t)/ ˙Mpwn = c,
where c is the speed of light. Using a two-fluid, one-
dimensional, relativistic magnetohydrodynamic (MHD) model,
Bucciantini et al. (2003) found that the size of the PWN is only
∼ 10% smaller compared to one-fluid simulations using γ = 5/3.
A further simplification in the present model is related to ra-
diative losses being neglected in the evolution of the SNR. The
main emphasis of this study is on the interaction of the PWN
with the reverse shock of the shell, and the subsequent evolu-
tion of the PWN. The only limitation is that the time needed
for the reverse shock to propagate back towards the PWN (e.g.
Ferreira & De Jager 2008)
trs =
4
(
ρism
10−24 g cm−3
)−0.33 ( Mej
3M⊙
)0.75 ( Eej
1051 erg
)−0.45 (
γ
5/3
)−1.5
kyr
(3)
must be smaller than the time when radiative losses become im-
portant (Blondin et al. 1998)
trad = 29
( Eej
1051 erg
)4/17 (
ρism
10−24 g cm−3
)−9/17
kyr. (4)
As discussed in a previous paragraph, the present model uses
γ = 5/3, together with the fiducial value Eej = 1051 erg. The
time-scales (3) and (4) are thus reduced to a function of the ejecta
mass and ISM density. For any permutation of the values Mej
and ρism chosen from the ranges Mej = 4M⊙ − 16M⊙ and ρism =
10−25 − 10−23 g cm−3, one has trs < trad.
One shortcoming of the kinematic approach is that it does
not reproduce the required PWN morphology in the initial evo-
lutionary phase. Axis-symmetric, two-dimensional MHD sim-
ulations, extending up to t = 1000 yr, have shown that the
magnetic field in the PWN leads to an elongation of the neb-
ula from a spherical to an elliptic-like shape, with a ratio
of 1.3 − 1.5 between the semi-major and semi-minor axes
(Van der Swaluw 2003b). This non-spherical structure will in-
duce time delays between the interaction of the reverse shock
with the polar/equatorial regions of the PWN. A similar feature
is predicted by the axis-symmetric, two-dimensional, relativistic
MHD simulations of Del Zanna et al. (2004). However, the latter
authors found that the elongation increases to a maximum value
at around t = 400 yr, before decreasing again. When the ratio of
magnetic to particle energy is σ = 0.01, the elongation ratio de-
creases to a value that is less than 1.2 after t = 1000 yr. Since the
simulations only extend up to t = 1000 yr, it may be possible that
the elongation will reduce further. Additionally, Del Zanna et al.
(2004) also found that the elongation ratio reaches unity after
t = 1000 yr for the case σ = 0.003. Note that the simula-
tions presented in this paper are specifically for scenarios where
σ < 0.01.
It is unclear what role the asymmetric structure plays in the
long-term evolution of the PWN since this has, to the authors’
knowledge, not been studied. It is heuristically argued that the
effect would not be as pronounced as one would expect. When
the reverse shock reaches the polar boundary, the nebula will be
compressed in these regions and the thermal pressure increased.
Due to the large sound speed in a PWN, the nebula will reach
pressure equilibrium in a very short time. The larger pressure in
the PWN will lead to an accelerated expansion in the regions
where the reverse shock has not yet interacted with the PWN,
specifically in the equatorial regions. This, in turn, reduces the
time needed for the reverse shock to reach the equator of the
PWN, leading to a more ”symmetric” interaction between the
PWN and reverse shock. Alternatively, it may also be argued
that the evolution of the PWN is significantly more dependent
on factors such as a large pulsar kick velocity or and inhomoge-
neous ISM.
Simulations have shown that the interaction of the reverse
shock with the PWN leads to the formation of Raleigh-Taylor in-
stabilities (e.g. Blondin et al. 2001; Van der Swaluw et al. 2004;
Bucciantini et al. 2004a). Additionally, the same instabilities are
expected to occur at the forward shock of young SNRs (e.g.
Blondin et al. 2001). An initial test of the present numerical
scheme found that these instabilities can be produced if a suf-
ficiently fine computational grid is used. However, to avoid nu-
merical dissipation, the grid has to be refined to such a de-
gree that the code becomes extremely computationally intensive.
Since the aim of the present paper is to simulate the large-scale
evolution and structure of the PWN, any further investigation
and discussion of these instabilities are neglected.
In the initial configuration of the system (e.g.
Blondin & Ellison 2001; Van der Swaluw et al. 2001;
Bucciantini et al. 2003; Del Zanna et al. 2004) the SNR is
spherical with a radius Rej = 0.1 pc and a radially increasing
velocity profile
v =
r
t
=
vejr
Rej
, (5)
with
vej =
√
10
3
Eej
Mej
, (6)
while the density of the ejecta is uniform in the interior of the
SNR
ρej =
3Mej
4piR3
ej
. (7)
Note that in the initial condition the PWN is absent, with the
particles injected by the pulsar included after the first time-step.
For the boundary conditions (e.g. Blondin & Ellison
2001; Van der Swaluw et al. 2001; Bucciantini et al. 2003;
Del Zanna et al. 2004), the speed of the particles injected at the
inner boundary of the computational domain is equal to the
speed of light, c, while the density is calculated from the mass
deposition rate (Van der Swaluw 2003b)
˙Mpwn =
2L
c2
, (8)
3
Vorster et al.: Numerical simulations of composite SNRs
where
L(t) = L0
(
1 +
t
τ
)−(n+1)/(n−1)
, (9)
is the spin-down luminosity of the pulsar. The variable τ is
known as the spin-down time scale, and is defined by
τ =
4pi2I
(n − 1) P20L0
, (10)
with L0 and P0 respectively the initial luminosity and spin pe-
riod, I the moment of inertia, and n the pulsar braking index.
The magnetic field at the inner boundary is assumed to be
purely azimuthal, in accordance with theory (e.g. Rees & Gunn
1974) and previous PWN models (e.g. Van der Swaluw 2003b),
while an expression for the time evolution of the magnetic
field strength, B(t), at the inner boundary is derived as follows:
the spin-down luminosity, L(t), at any given position, r, up-
stream of the pulsar wind termination shock can be written as
(Kennel & Coroniti 1984)
L(t) = cr2B(t)2 1 + σ
σ
, (11)
where σ is the ratio of electromagnetic to particle energy.
Equation (11) is effectively a statement of the conservation of en-
ergy, and is valid for any value of σ. Since Equation (11) should
hold for all times, t, one may also state that
L0 = cr2B20
1 + σ
σ
. (12)
Inserting (12) into (9) leads to the expression
L(t) = cR2B20
1 + σ
σ
(
1 + t
τ
)−(n+1)/(n−1)
. (13)
To calculate the time-dependence of B, the right-hand sides of
Equations (11) and (13) are equated, while it is assumed that
σ has no time dependence at the inner boundary, leading to the
result
B(t) = B0
(
1 + t
τ
)−(n+1)/(n−1)
. (14)
In addition, the initial value of the magnetic field at the inner
boundary of the computational domain is normalised to B0 = 1.
This is possible since the magnetic field (in the present) model
does not influence the dynamics of the PWN.
For the simulations, the initial luminosity ranges between
L0 = 1037 − 1040 erg s−1, and the spin-down time-scale be-
tween τ = 500 − 5000 yr. Based on observations, (e.g.)
Zhang et al. (2008); Fang & Zhang (2010); Tanaka & Takahara
(2011) have derived similar L0 and τ values for a number of
PWNe. Core-collapse supernovae (where pulsars are produced
as a by-product) are expected to take place for stars with masses
& 8M⊙ (e.g. Woosley & Janka 2005). As an example, a value
of Mej ∼ 11M⊙ − 15M⊙ has been derived for SN 1987A (e.g.
Shigeyama & Nomoto 1990). In the simulations the ejecta mass
ranges between Mej = 8M⊙ − 12M⊙. Furthermore, core-collapse
supernovas occur in star forming regions (e.g. Woosley & Janka
2005) in the ISM with densities ranging from ρism = 10−26 −
10−23 g cm−3 (e.g. Thornton et al. 1998), and a similar range
chosen for the model. Lastly, the fiducial values Eej = 1051 erg
and n = 3 are used for the simulations.
Van der Swaluw & Wu (2001) investigated the role of P0
on the evolution of a composite remnant, and concluded that
if P0 ≤ 4 ms, the energy in the pulsar wind exceeds the to-
tal mechanical energy of the SNR, resulting in the SNR being
blown away. This result is indirectly supported by the findings
of Faucher-Gigue`re & Kaspi (2006). Using alternative means,
these authors calculated P0 for a number of galactic pulsars, with
P0 = 11 ms being the lowest value found. The values of L0 and
τ, related through (10), must therefore be chosen in such a way
as to not result in an unrealistic P0, with the definition of ”real-
istic” being (loosely) defined as P0 & 4 ms. Using the fiducial
values I = 1045 g cm2 and n = 3 for the moment of inertia and
braking index of the pulsar, the smallest P0 value for the present
simulations is found for the L0 = 1040 erg, τ = 5000 yr scenario,
where P0 = 3.5 ms. Although this scenario is technically below
the accepted limit, it is nevertheless included for the purpose of
illustration.
3. Evolution of a PWN inside a
Spherically-symmetric SNR
In this section the effect of the parameters L0, τ, Mej, and ρism
on the evolution of a spherically-symmetric PWN in a homoge-
neous ISM is investigated. In order to better compare the various
scenarios, it is useful to define a basis set of parameters, chosen
as L0 = 1039 erg s−1 for the initial luminosity, τ = 3000 yr for
the spin-down time-scale, Mej = 12M⊙ for the mass of the stellar
ejecta, and ρism = 10−25 g cm−3 as the density of the ISM.
3.1. The outer boundary of the PWN
Figure shows the effect of the parameters on the evolution of the
outer boundary of the nebula, Rpwn. The solutions were obtained
with the basis values, only varying the appropriate variable as
stated in the legends of the figures. The basis solution in the var-
ious panels of Figure 1 is represented with a short-dashed line.
Figures 1(a)-(b) also shows the evolution of the forward shock of
the SNR. Since the forward shock is not dependent on the values
of L0 and τ, the evolution is the same for all scenarios shown in
these two panels. For Figures 1(c)-(d), the evolution of the for-
ward shock is the same as that described in Ferreira & De Jager
(2008). Before the interaction with the reverse shock (indicated
by the ^ symbols), the rate of expansion of the PWN can be de-
scribed by a power-law function, Rpwn ∝ t1.1−1.3, similar to the
prediction Rpwn ∝ t1.2 made by Reynolds & Chevalier (1984).
For the different L0 scenarios in Figure 1(a), a larger PWN
is predicted when L0 is increased. This difference in PWN size
can be attributed to the larger L0 scenarios having a faster expan-
sion rate at the earliest times, t < 100 yr, with the expansion rate
eventually evolving to Rpwn ∝ t1.2. Larger L0 values not only
leads to a larger PWN, but also imply that more particles are
injected into the PWN per time interval, thereby increasing the
pressure in the PWN. For the L0 = 1040 erg s−1 scenario, the
interaction with the reverse shock does not lead to a compres-
sion of the PWN, but only a slower (subsonic) expansion rate.
For the L0 = 1037 erg s−1 scenario (where the PWN pressure
is smaller), the reverse shock noticeably compresses the PWN,
with the post-interaction expansion rate having an oscillatory na-
ture.
At times t . τ, the value of L0 is almost constant, and any
variation in τ should not affect the evolution of Rpwn. This can be
seen from the results in Figure 1(b) where the evolution of Rpwn
at times t . 5000 yr is almost identical for the various scenarios.
The exception is the τ = 500 yr scenario where a smaller PWN
is predicted. The largest influence of τ is seen after the interac-
tion with the reverse shock. Since a smaller τ leads to a faster
decrease in L(t), the PWN pressure should correspondingly de-
4
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Fig. 1. Model solutions for the evolution of the outer boundary of a spherically-symmetric PWN in a homogeneous ISM. A basis
parameter set is chosen as L0 = 1039 erg s−1, τ = 3000 yr, Mej = 12M⊙, and ρism = 10−25 g cm−3, with the solution represented by a
short-dashed line in Figures (a)-(d). The other solutions were obtained by using the basis parameters, while varying the parameters
listed in the legends of the figures. The ^ symbol represents the time when the reverse shock reaches Rpwn. Also shown in Figures
(a) and (b) is the evolution of the forward shock of the SNR.
crease, leading to a larger compression of the PWN. However, as
shown in Figure 1(b), this effect is not as prominent for a PWN
where the reverse shock time-scale is of the order of τ.
A larger mass for the stellar ejecta, Mej, leads to an increase
in the density of the matter that the PWN expands into, and
one would expect a slower expansion rate for Rpwn. However,
as shown in Figure 1(c), the expansion rate is almost identical
for the various Mej scenarios. Similar to Figure 1(a), a larger
PWN size for smaller Mej values is a result of a faster expansion
in the earliest years of the PWN. Although the reverse shock
time-scale is reduced for a larger PWN, this effect is partially
cancelled since a larger Mej value also increases the same time-
scale.
Again using (3), it can be seen that a larger value of ρism
markedly reduces the time needed for the reverse shock to reach
the PWN. This decreases the duration of the supersonic expan-
sion phase of Rpwn, leading to a PWN that is noticeably smaller,
as shown in Figure 1(d). From the ρism = 10−24 g cm−3 and
ρism = 10−23 g cm−3 scenarios it can also be seen that the PWN
eventually reaches a stage where Rpwn approaches a constant
value.
3.2. The evolution of the termination shock radius
The next quantity investigated is the termination shock radius,
Rts. Figure 2 is the corresponding evolution of Rts for the scenar-
ios shown in Figure 1. Note that the striations shown in Figure
2 is of a numerical origin, resulting from the chosen grid res-
olution. For the various scenarios, Rts expands until the PWN
encounters the reverse shock. The subsequent slower (subsonic)
expansion and compression leads to an increase in the pressure
in the PWN, resulting in Rts being pushed back towards the pul-
sar. The effect of the various parameters on the evolution of Rts
mirrors the results of Figure 1 as a larger PWN also has a larger
Rts before the reverse shock interaction. After the reverse shock
5
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Fig. 2. The same as Figure 1, but for the termination shock radius, Rts.
interaction, a faster decrease in Rts is predicted for a larger com-
pression of the PWN.
3.3. The evolution of the average magnetic field
Figure 3 shows the temporal evolution of the average magnetic
field, ¯B, in the PWN, defined as the region Rts ≤ r ≤ Rpwn. The
solutions correspond to those shown in Figures 1 and 2. If the
magnetic energy in the PWN is not transferred to the particles,
then the conservation of magnetic flux implies that the evolution
of ¯B should be related to the evolution of Rpwn. A comparison of
Figures 1 and 3 shows that an increase in Rpwn leads to a decrease
in ¯B, with the opposite also being true. Furthermore, the rate of
change in Rpwn is also reflected in the rate of change in ¯B.
Before the interaction with the reverse shock, it is possible
to derive a simple time-dependence for ¯B since the expansion
of Rpwn is described by a power-law. From the conservation of
magnetic flux it follows that
∫ t
0
ηLdt′ = Vpwn
¯B2
8pi , (15)
where η is the fraction of spin-down luminosity converted to
magnetic energy and Vpwn ∝ Rpwn3 is the volume of the PWN.
Note that the integral in (15) represents the total amount of
magnetic energy injected into the PWN over the time interval
0 ≤ t′ ≤ t. If t . τ, then L can be approximated as constant,
reducing the integral in (15) to L0t. Lastly, using Rpwn ∝ tα it
becomes possible to reduce (15) to
¯B ∝ t(3α−1)/2. (16)
For the values α = 1.1−1.3, as derived from Figure 1, the evolu-
tion of the average magnetic field in Figure 3 (before the interac-
tion with the reverse shock) can be described by ¯B ∝ t1.1−1.5. The
same arguments have also been used by Reynolds & Chevalier
(1984) to derive the evolution of ¯B. For reference, the line
¯B ∝ t−1.3 is also shown in Figure 3. For subsequent times, it
is difficult to characterise the evolution of ¯B with a simple ex-
pression as the evolution of Rpwn becomes more complex.
3.4. Radial profiles of the fluid quantities
It is also useful to investigate the evolution of the different fluid
quantities, especially for times before and after the interaction
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Fig. 3. The same as Figure 1, but for the average magnetic field in the PWN. Note that the magnetic field strength at the inner
boundary of the computational domain has been normalised to unity.
of Rpwn with the reverse shock. The radial profiles of the fluid
quantities at three different times are shown in Figure 4, corre-
sponding to the scenario L0 = 1038 erg s−1, τ = 3000 yr and
ρism = 10−24 g cm−3.
The magnetic profile (top panel) is useful for identifying the
various components of the PWN. The radial distance where B
falls off to zero indicates the position of Rpwn, while a sharp in-
crease in B indicates the position of Rts (a shock compresses B
over a very small region). The B ∝ 1/r decrease before the ter-
mination shock is due to the assumption of an azimuthal mag-
netic field at the inner boundary of the computational domain.
An interesting feature of the magnetic field is the increase in
strength after Rts, related to the decrease in velocity (see Panel
4). A similar effect occurs in our local heliosphere, with the en-
hancement known as the Axford-Cranfill effect (Cranfill 1971;
Axford 1972). A magnetic wall emerges from the solar wind
termination shock, arising from the amplification of the helio-
spheric magnetic field’s azimuthal component, which in turn is
caused by the flow deceleration and the convection to higher lat-
itudes (e.g. Zank 1999).
Using the density profile, Panel 2, allows one to distinguish
the different components of the composite remnant. The low
density region represents the PWN, and the larger density re-
gion the ejecta. The t = 1000 yr profile shows two peaks at r ∼ 5
pc and r ∼ 7 pc, with these peak respectively representing the
reverse and forward shock of the SNR. For larger r values, the
constant density region delineates the ISM. Comparing the den-
sity profiles of the various times with the position of Rpwn, as
defined by Panel 1, shows that there is a region just behind Rpwn
where the density increases significantly. This can be heuristi-
cally viewed as being a result of Rpwn interacting with the denser
ejecta, leading to a pile-up of PWN material. Such an explicit
distinction is, however, difficult to make in a one-fluid model.
Panel 3 shows that the pressure behind the reverse shock is
lower than both the pressure in the PWN and the SNR shock.
It is the pressure difference between the ejecta and shock that
eventually leads to the reverse shock propagating back towards
the pulsar. After the interaction with the reverse shock, the dif-
ference in pressure between the PWN and the ejecta decreases,
reducing the PWN expansion rate (see Figure 1)
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Fig. 4. From top to bottom: radial profiles of the magnetic field
strength B, density ρ, pressure P, speed v (−v indicates a velocity
in the opposite direction), and Mach number at three different
times: 1000 yr (solid line), 3000 yr (dotted line), and 5000 yr
(dashed line). The profiles shown are for the L0 = 1038 erg s−1,
τ = 3000 yr and ρism = 10−24 g cm−3 scenario. Note that B has
again been normalised to unity at the inner boundary.
Apart from compressing the PWN (and consequently en-
hancing B), the interaction between the reverse shock and Rpwn
drives a reflection wave through the PWN, as illustrated in Panel
5. Lastly, Panel 6 shows that the outer edge of the PWN initially
expands supersonically into the ejecta, becoming sub-sonic once
the reverse shock has passed.
4. Motivation for the Kinematic Appraoch
A more correct treatment of the present problem should take into
account the effect that the magnetic pressure has on the evolu-
tion of the PWN. An ideal approach would be to use an axis-
symmetric, 2.5-dimensional MHD model, similar to the one pre-
sented by Van der Swaluw (2003b). However, since these mod-
els tend to be computationally expensive, it becomes difficult to
do an extensive parameter as presented in Figures 1-3. The aim
of this section is to motivate that a hydrodynamic model with
a kinematic approach is a useful approximation when the ratio
of magnetic to particle energy is below σ < 0.01. To obtain an
estimate of the accuracy, the one-dimensional model presented
in the previous section is used, with the difference that the mag-
netic pressure is calculated at every time step, and added to the
total pressure. Similar to the kinematic scenario, this approach
has the limitation that it does not produce the required devia-
tions from spherical symmetry. Even though the same model is
used, including the effect of the magnetic pressure significantly
increases the computational time. The simulations are therefore
limited to the single scenario L0 = 1040 erg s−1, τ = 300 yr,
Mej = 8M⊙ and ρism = 10−24 g cm−3, with the PWN evolution
only calculated up to t = 1000 yr.
Figure 5 shows the radial profile of the magnetic field for
various values of σ. Note that this value is not constant through-
out the nebula, but varies with position. The ranges given in the
legend of the figure correspond to the possible values that σ can
assume for a given scenario, with σ < 0.001 representing the hy-
drodynamic/kinematic limit. Comparing the hydrodynamic limit
with the 0.001 ≤ σ ≤ 0.01 scenario shows that increase in the
magnetic pressure does not lead to a significant change in the
size of the PWN. Apart from a larger magnetic field, these two
scenarios also predict a very similar magnetic field profile. A sig-
nificant deviation from the hydrodynamic results only appears
when σ ≥ 0.01.
When the magnetic pressure is relatively unimportant (i.e.
a low σ value), the compression ratio of the termination shock
is large, and the magnetic field is enhanced across the shock.
Additionally, the flow speed decreases towards the boundary of
the PWN, leading to an continual increase in B as a function of
position. By contrast, a largerσ value decreases the compression
ratio, resulting in a post-shock magnetic field that decreases as
a function of position, with the rate of decrease slightly smaller
than the pre-shock value of B ∝ 1/r. This decrease is caused
by an acceleration of the post-shock fluid, in turn caused by the
gradient of the magnetic pressure.
An increasing in magnetic pressure is sufficient to change the
speed of the longitudinal pressure waves, leading to a change
in the PWN evolution. A stronger magnetic field at the inner
boundary increase the size of the PWN, but also exerts a stronger
pressure on Rts, pushing it closer to the pulsar. Note that the ef-
fect of magnetic pressure on the PWN evolution may vary when
different assumptions are made regarding the initial conditions
of the SNR and the boundary conditions of the PWN.
For large σ values, the decreasing magnetic profile in Figure
5 qualitatively agrees with the steady-state MHD solutions pre-
sented by Kennel & Coroniti (1984). On the other hand, these
authors found that the post-shock magnetic field increases to a
maximum at a few termination shock radii, followed by a de-
crease towards the outer boundary of the PWN when σ ∼ 0.001.
Panel 1 in Figure 4 shows that the kinematic approach predicts
a similar character for magnetic field character in the inner part
of the PWN, provided that the reverse shock has reached Rpwn.
The main difference, compared to the steady-state results of
Kennel & Coroniti (1984), is that the magnetic field in Figure
4 increases again in the outer parts of the PWN. Spherically-
symmetric MHD simulations, extending up to t = 1500 yr, have
also been performed by Bucciantini et al. (2004b) for the case
σ < 0.003. The results of these authors predict a magnetic field
that increases with position, qualitatively similar to the results in
Figure 5.
For completeness, the corresponding radial profiles of the
flow velocity are shown in Fig 6. To improve visibility, the ve-
locity of the various profiles have been artificially reduced, with
the exception of the 0.001 ≤ σ ≤ 0.01 scenario. The unal-
tered solutions all have a velocity of c at the inner boundary.
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From Figure 6 it can be seen that the hydrodynamic limit and
the 0.001 ≤ σ ≤ 0.01 have similar flow velocities and radial
profiles. Furthermore, when 0.1 ≤ σ ≤ 1, the flow velocity is
almost constant throughout the nebula, in agreement with the
predictions made by Kennel & Coroniti (1984).
5. Evolution in a Non-uniform Interstellar Medium
The ISM is very often inhomogeneous, and it is of particular
interest to study the evolution of a composite remnant expanding
into regions of varying density (e.g. due to the presence of a
molecular cloud). The aim is not to investigate any particular
object or region, but rather to show some interesting end-result
scenarios which can occur. The initial and boundary conditions
for this scenario are identical to those described in Section 2,
with the difference that the ISM has a discontinuous increase in
density at a specified distance from the origin of the supernova
explosion.
It is well-known that an interaction between a shock front
and a discontinuity (CD) separating fluids of different densi-
ties leads to a refraction of the shock (e.g. Colella et al. 1989).
In the simplest case the original shock front will be refracted
into a wave that travels into the transmission medium, and
a wave that is reflected back into the incident medium (e.g.
Colella et al. 1989). Depending on a number of factors, the trans-
mitted and reflected waves can either be in the form of a shock,
an expansion, or a number of complicated wave structures (e.g.
Nourgaliev et al. 2005; Delmont 2010). One would therefore ex-
pect that the interaction of the forward shock of the SNR with
the molecular cloud should lead to a similar wave pattern.
Although difficult to predict the exact character of the refrac-
tion, Delmont (2010) found that the most important parameters
controlling the refraction are the angle of incidence between the
shock front and CD, the Mach number of the initial shock in the
incident medium, and the ratio of the densities on opposite sides
of the CD. Additionally, if a magnetic field is present, the value
of the plasma β, can also influence the interaction (Delmont
2010).
An important feature of the interaction of an oblique shock
with a CD is the formation of Richtmeyr-Meshkov vorticity in-
stabilities at the CD (e.g. Colella et al. 1989; Nourgaliev et al.
2005; Delmont 2010). As previously discussed, the set-up used
for the present numerical model is such that it does not allow
for the development of Rayleigh-Taylor instabilities. The same
is also true for the development of fine-scale refraction patterns
and Richtmeyr-Meshkov instabilities. It is emphasised that the
aim of the present numerical simulations is to obtain an under-
standing of the evolution of the large-scale structure of the PWN-
SNR system in a non-uniform environment.
For the scenario presented in Figure 7, the SNR evolves into
an ISM with a density of ρism = 10−24 g cm−3. At x = 5 pc from
the position of the initial explosion, the density of the ISM is
larger by a factor 10, i.e. ρism = 10−23 g cm−3. The mass of the
ejecta is Mej = 3M⊙, the spin-down time-scale τ = 3000 yr, and
the initial luminosity of the pulsar L0 = 1039 erg s−1.
After roughly t = 2000 yr has elapsed, the forward shock
reaches the denser region at x = 5 pc. The sound speed in the in-
cident ISM (x < 5 pc) is larger than the sound speed in the trans-
mission ISM (x ≥ 5 pc), and the interaction is thus classified as
fast-slow (e.g. Colella et al. 1989). A study of the radial profiles
(not shown) shows that the interaction leads to a sub-sonic wave
that is reflected back into the incident ISM, and a sub-sonic wave
that is transmitted into the denser ISM. When the reflection wave
interacts with the PWN, the t = 3000 yr panel shows that the part
of the PWN located at x > 0 pc is compressed and pushed back
towards the pulsar (located at the origin). As time evolves, the
reverse shock flows over an increasingly larger part of the PWN,
deforming initially spherical nebula into a bullet-shaped PWN.
The initial compression, as well as the subsequent deforma-
tion, leads to a pile-up of the magnetic field in the nose of the
PWN, as well as long the edge of the nebula. After t = 4000 yr,
an additional enhancement of the magnetic field also becomes
visible at the opposite edge of the PWN. The PWN material
transported away from the pulsar (in the −x direction) by the
reflection wave is decelerated by the supernova ejecta, leading
to an additional pile-up of the magnetic field. For times t > 6000
yr, the decrease in the pulsar’s spin-down luminosity becomes
important, leading to a pressure gradient between the PWN and
ejecta/ISM. A wind is created that continually flows over the
PWN (t = 12000 yr and t = 20000 yr panels), resulting in a
further compression of the magnetic field along the edge of the
nebula.
For the second scenario presented in Figure 8, the ISM has
a density ρism = 10−24 g/cm3, with a factor thousand increase
at x = 5 pc, i.e. ρism = 10−21 g/cm3. The mass of the ejecta
and spin-down time-scale is again chosen as Mej = 3M⊙ and τ
= 3000 yr, respectively, while the initial luminosity is reduced
by a factor ten to L0 = 1038 erg s−1. Note that the scale of the
magnetic field in Figure 8 is different to that of Figure 7.
The interaction of the sub-sonic reflection wave with the
PWN is significantly more pronounced, with the PWN being
almost crushed by the wave. A closer look at the t = 12000
yr panel reveals that some of the PWN material initially trans-
ported in the −x-direction (as a result of the reflection wave)
is now flowing in the opposite direction. The primary reflection
wave flows through the lower density PWN, eventually reaching
the discontinuity between the PWN and higher density super-
nova ejecta. This results in the formation of a secondary reflec-
tion wave that propagates in the opposite direction. This effect is
not visible in Figure 7 since a larger L0 implies a larger pressure
in the PWN, which would cancel out such an effect. As the sec-
ondary wave propagates towards the pulsar, the magnetic field is
dragged along with it, leading to a pile-up of the magnetic field.
The t = 20000 yr panel shows that this magnetic cloud is even-
tually pushed in the −x-direction. The largest magnetic field is
therefore found in a region that is spatially uncorrelated with the
position of the pulsar.
6. Summary and Conclusions
This paper investigates the evolution of a composite supernova
remnant for a number of scenarios, with an emphasis on the evo-
lution of the PWN. A hydrodynamic model is used for the sim-
ulations, with the magnetic field included in a kinematic fash-
ion. In this approach the interaction between the fluid and mag-
netic field is strictly one-sided as the effect of the magnetic field
on the flow is neglected. The kinematic results were compared
to a more correct treatment of the problem where the effect of
the magnetic pressure is included. It was found that the two ap-
proaches give similar results when the ratio of magnetic to par-
ticle energy is σ < 0.01.
One of the aims of the paper is to determine the effect that
the initial luminosity (L0) and the spin-down time-scale (τ) of
the pulsar, together with the mass of the stellar ejecta (Mej) and
density of the ISM (ρism) have on the evolution of a spherically-
symmetric composite remnant expanding into a homogeneous
ISM. It was found that the evolution of the PWN is primarily
determined by L0 and ρism, while the influence of Mej is almost
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Fig. 5. Radial profile of the PWN magnetic field after t = 1000
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scenarios in Fig 5. To enhance clarity, the velocities for the var-
ious σ values have been multiplied by different factors. All ve-
locities originally have a value of c at the inner boundary of the
computational domain.
negligible. It was also found that τ only has an influence on the
evolution when the spin-down time-scale is smaller than the time
needed for the reverse shock to reach the outer boundary of the
nebula, Rpwn.
For the L0 = 1040 erg s−1, τ = 3000 yr scenario, the in-
teraction between the PWN and reverse shock only leads to a
decrease in the expansion rate of Rpwn. For smaller L0 values,
the PWN undergoes a compression phase, with a decrease in
L0 leading to a larger compression. Furthermore, a larger ISM
density decreases the time needed by the reverse shock to reach
Rpwn, thereby markedly reducing the size of the PWN.
The parameter study further found that the termination shock
radius, Rts, increases with time until the PWN encounters the re-
verse shock. The latter sends a reflection wave through the PWN
towards the pulsar, resulting in a decrease of Rts. The evolution
of Rts is an important quantity as it may help to determine the
progress of the reverse shock through the PWN. Additionally,
the ratio of the PWN boundary to the termination shock radius,
Rts/Rpwn, has also previously been used to derive the initial spin-
period, P0, for a number of pulsars (Van der Swaluw 2003b).
Studies of the evolution of the average magnetic field
are important when attempting to understand so-called ”dark
sources”, i.e. TeV γ-ray sources without a synchrotron counter-
part (Aharonian et al. 2008). From Figure 3 it can be seen that a
rapid expansion of the PWN (L0 = 1040 erg s−1, τ = 3000 yr)
leads to a significant decrease in the average magnetic field as a
function of time, which in turn will lead to a faint synchrotron
source.
The evolution of Rpwn and the average magnetic field
are of particular importance to the one-zone (spatially-
independent) radiation models that are often used to derive
PWN parameters (e.g. Zhang et al. 2008; Fang & Zhang 2010;
Tanaka & Takahara 2011). Additionally, the radial profiles of the
magnetic field and flow velocity can also be incorporated into
spatially-dependent transport models that describe the evolution
of the non-thermal particle spectrum in the nebula (Vorster and
Moraal 2013, accepted for publication).
The simulations of a composite remnant evolving into an in-
homogeneous ISM show that an initially spherical PWN will
evolve into a bullet-shaped nebula. This is in agreement with ob-
servations since most PWN are observed as offset from the pul-
sar (for a summary of observations, see e.g. Gaensler & Slane
2006; De Jager & Djannati-Ataı¨ 2009). The simulations further
show that the interaction between the nebula and the asym-
metric reverse shock (resulting from an inhomogeneous ISM)
leads to an enhancement of the the magnetic field at the edge
of the PWN. Recent Suzaku observations of the Vela PWN re-
veal an X-ray nebula that extends beyond the 3◦ × 2◦ radio neb-
ula (Katsuda et al. 2011). This is somewhat surprising as syn-
chrotron radiation is expected to effectively cool the X-ray pro-
ducing leptons, leading to an X-ray nebula that is smaller than
the radio counterpart. Although Katsuda et al. (2011) favour a
scenario in which these leptons effectively diffuse outward, the
authors do not rule out a scenario in which lower energy leptons
produce X-rays as a result of an increase in the magnetic field at
the edge of the nebula.
Decreasing the value of L0, while simultaneously increas-
ing the density gradient in the ISM, leads to the creation of a
magnetic ”cloud” in a region that is spatially separated from the
pulsar. The associated synchrotron emission will be enhanced,
leading to a brighter region that is unconnected with the present
position of the pulsar.
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